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Some Properties of the Yoshiara Family of Planes
SIAW-LYNN NG
In [4], Yoshiara constructed a family of q+3 planes in PG(5, q), q even, satisfying certain intersec-
tion properties. This is then used to construct extended generalized quadrangles of order (q+1, q−1).
In this note we examine the properties of these planes and show that the existence of a set of q + 2
planes satisfying the intersection properties necessarily implies the existence of the (q + 3)th plane,
and that two such families meet in at most (2q + 6)/3 planes. We also pose some open completeness
problems.
c© 2002 Academic Press
1. INTRODUCTION
In [4], Yoshiara defined a family of q + 3 planes S = {pio, . . . , piq+2} in PG(5, q), q even,
satisfying the following conditions:
(a) the intersection of two planes pii , pi j in S is a point for all
i , j ∈ {0, . . . , q + 2}, i 6= j ;
(b) the set Oi = {pii ∩ pi j | j ∈ {0, . . . , q + 2} \ {i}} is a hyperoval
in pii for all i ∈ {0, . . . , q + 2};
(c) every three planes in S span PG(5, q).
 (†)
We call a set of q+3 planes satisfying (a), (b) and (c) above a Y-family. Such a set of planes
is used to construct extended generalized quadrangles of order (q + 1, q − 1). The reader is
referred to [4] for the construction. Here we concentrate on the structure of the set of planes
itself. There are two known constructions of S, one denoted S(O), by Yoshiara [4], from a
hyperoval O in PG(2, q), and another, denoted S(K), by Thas [3], from a (q + 1)-arc K in
PG(3, q). In [2], it was shown that any dual of a Y-family is also a Y-family. It was further
shown that, while the Thas construction S(K) is self-dual, in general, the dual of the Yoshiara
construction S(O) yields a new family of extended generalized quadrangles. We refer the
readers to the relevant papers for details. In this note we examine the planes of a Y-family. In
particular, we investigate the problem of determining the size of a set of planes satisfying the
right intersection properties that will complete to a Y-family.
Let Sk = {pio, pi1, . . . , pik}, k ≥ 2, be a set of k + 1 planes in PG(5, q), q even, such that
(a) the intersection of two planes pii , pi j in S is a point for all
i , j ∈ {0, . . . , k}, i 6= j ;
(b) the set Ki = {pii ∩ pi j | j ∈ {0, . . . , k} \ {i}} is a k-arc
in pii for all i ∈ {0, . . . , k};
(c) every three planes in Sk span PG(5, q).
 (††)
We say that Sk is complete if there does not exist a plane pi in PG(5, q) such that Sk∪{pi} =
Sk+1. Otherwise Sk is incomplete.
Consider the following problems.
(C1) What are the smallest and largest values of k, 2 ≤ k < q + 2, such that Sk is complete?
(C2) If Sk can be completed to a Y-family, is this completion unique? What is the smallest
Sk that is contained in a unique Y-family?
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In Section 2 we show that Sq+1 is contained in a Y-family. Hence a complete Sk has
k < q + 1. This has some bearing upon the problem of constructing new Y-families of planes,
since we need only to construct Sq+1. In Section 3 we show that the completion of Sk , if it
exists, is unique if k > (2q + 3)/3. Hence two Y-families meet in at most (2q + 6)/3 planes.
2. THE INCOMPLETENESS OF Sq+1
Consider Sq+1 = {pi0, . . . , piq+1}. Let Ni be the nucleus of the (q + 1)-arc Ki on the plane
pii and let Oi be the hyperoval Ki ∪ {Ni }. Let O = {Ni |i = 0, . . . , q + 1} be the collection of
the nuclei Ni .
THEOREM 2.1. The set of q +2 pointsO is a hyperoval lying in a plane piq+2, and Sq+1 ∪
{piq+2} is a Y-family.
To prove Theorem 2.1 we first prove the following results.
LEMMA 2.2. The set of points belonging toOi , i = 0, . . . , q+1, forms a cap in PG(5, q).
PROOF. Let A, B, C be three distinct points of ∪q+1i=0Oi . If two or more of the three points
lie on one plane, then they are not collinear by definition. Suppose then A, B, C each lie on
exactly one plane, say A ∈ pi0, B ∈ pi1, C ∈ pi2. Let l = AB. If C ∈ l then the hyperplane
〈pi0, pi1〉 contains three non-collinear points C , pi0 ∩ pi2, pi1 ∩ pi2 of pi2 and hence contains pi2.
This contradicts condition (c) of (††). 2
It remains to be shown that O lies on a plane. Take three arbitrary points of O, say, without
loss of generality, N0, N1, N2, and let pi = 〈N0, N1, N2〉.
LEMMA 2.3. Any plane of Sq+1 meets pi in at most one point.
PROOF. Suppose that pi ∩ pi0 is a line l. Then 〈pi0, pi1〉 is a hyperplane containing pi , since
it contains l and N1. This implies that 〈pi0, pi1〉 contains pi0 ∩ pi2, pi1 ∩ pi2 and N2 of pi2 and
hence contains pi2, contradicting condition (c) of (††). Similarly for pi1 and pi2. Hence for
i = 0, 1, 2, pii ∩ pi = {Ni }.
Let pii ∈ Sq+1 \ {pi0, pi1, pi2}. Suppose pii ∩ pi is a line l. By Lemma 2.2, l contains at
most two of the three points N0, N1, N2. Without loss of generality, suppose N0 /∈ l. Then
〈pi0, pii 〉 is a hyperplane containing l and N0 and hence pi . This implies that 〈pi0, pii 〉 contains
N2, pii ∩ pi2, pi0 ∩ pi2 and hence contains pi2. Again, this contradicts condition (c) of (††). 2
LEMMA 2.4. Any plane of Sq+1 \ {pi0, pi1, pi2} meets pi in exactly one point.
PROOF. Let piq+1 ∈ Sq+1 \ {pi0, pi1, pi2}. By Lemma 2.3, piq+1 meets pi in at most one
point. Suppose then piq+1 ∩ pi = ∅. Let li = 〈piq+1, pii 〉 ∩ pi , i = 0, . . . , q , be a set of q + 1
lines on pi . Let L = {li |i = 0, . . . , q}.
Firstly, by Lemma 2.3, li does not lie on pii .
Secondly, all the li s are distinct, for if li = l j , then 〈piq+1, pii 〉 = 〈piq+1, li 〉 = 〈piq+1, l j 〉 =
〈piq+1, pi j 〉, so that 〈piq+1, pii 〉 is a hyperplane containing piq+1, pii and pi j , which contradicts
condition (c) of (††).
Thirdly, no three lines of L are concurrent. To prove this, suppose that li , l j , lk ∈ L are
concurrent at a point R. Let pii ∩ pi j = R j , pii ∩ pik = Rk . Then, 〈piq+1, pii 〉 ∩ 〈piq+1, pi j 〉 =
〈piq+1, li 〉 ∩ 〈piq+1, l j 〉 = 〈piq+1, R〉 = 〈piq+1, R j 〉. Similarly 〈piq+1, pii 〉 ∩ 〈piq+1, pik〉 =
〈piq+1, R〉 = 〈piq+1, Rk〉. Hence 〈piq+1, R〉 is a three-dimensional space containing three non-
collinear points R j , Rk and piq+1 ∩ pii of pii , that is, 〈piq+1, R〉 is a three-dimensional space
containing pii . This contradicts condition (a) of (††).
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Finally, we show that this forces N0, N1, N2 to be collinear, which contradicts Lemma 2.2.
Since L is a dual (q + 1)-arc on pi , there is a line lq+1 such that the points of lq+1 are
precisely the points of li , i = 0, . . . , q , which lie on exactly one line of L. We show that N0,
N1, N2 lie on lq+1. Suppose that N0 lies on l0 and lk for some k ∈ {1, . . . , q}. Then 〈piq+1, pik〉
is a hyperplane containing three non-collinear points N0, pi0 ∩ pik , pi0 ∩ piq+1 of pi0. Hence
pi0 ⊆ 〈piq+1, pik〉, which contradicts condition (c) of (††). Similarly for N1 and N2. Hence N0,
N1, N2 are collinear, which contradicts Lemma 2.2. We conclude therefore that piq+1 meets
pi in exactly one point. 2
We show next that this point of intersection does indeed lie on O.
LEMMA 2.5. Let pii , pi j be distinct planes in Sq+1 \ {pi0, pi1, pi2}. Let Ri = pii ∩ pi ,
R j = pi j ∩ pi . Then {Ri , R j , N0, N1, N2} forms a five-arc on pi .
PROOF. Suppose that Ri lies on N0 N1. Then 〈pi0, pi1〉 contains Ri , pii ∩ pi0, pii ∩ pi1 of pii .
Since pii 6⊆ 〈pi0, pi1〉, Ri must be collinear with pii ∩ pi0 and pii ∩ pi1. However, this implies
that 〈pi0, pii 〉 contains three non-collinear points N1, pi0 ∩ pi1, pii ∩ pi1 of pi1 and therefore
contains pi1, contradicting condition (c) of (††). Hence Ri , R j do not lie on the lines Ni N j ,
i, j ∈ {0, 1, 2}.
Suppose that N0 lies on Ri R j . Then 〈pii , pi j 〉 contains three non-collinear points N0, pi0∩pii ,
pi0 ∩ pi j of pi0 and hence contains pi0. This again contradicts condition (c) of (††). 2
LEMMA 2.6. Let pii be any plane of Sq+1 \ {pi0, pi1, pi2}. Then pii ∩ pi = {Ni }.
PROOF. Let P = pii ∩pi . By Lemma 2.5, P does not lie on N0 N1, N0 N2 or N1 N2. Suppose
P is collinear with pi0 ∩ pii and pi1 ∩ pii . Then 〈pi0, pi1〉 contains N0, N1 and P and hence
contains pi . This implies that 〈pi0, pi1〉 contains three non-collinear points N2, pi0∩pi2, pi1∩pi2
of pi2 and hence pi2, contradicting condition (c) of (††). Hence P is not collinear with pi0 ∩pii
and pi1 ∩ pii . Similarly, P is not collinear with pi0 ∩ pii and pi2 ∩ pii , nor with pi1 ∩ pii , pi2 ∩ pii .
Now, if P 6= Ni , then a line through P meeting a point of Oi must meet another point
of Oi . Without loss of generality, suppose the line l through P meeting pi0 ∩ pii meets Oi
again in pik ∩ pii . Then 〈pi0, pik〉 contains P , N0 and pik ∩ pi . By Lemma 2.5, these points are
not collinear, so 〈pi0, pik〉 contains pi . This implies that 〈pi0, pik〉 contains three non-collinear
points N1, pi0 ∩ pi1, pik ∩ pi1 of pi1 and hence contains pi1. This is a contradiction to condition
(c) of (††). Hence P = Ni . 2
We have proved that for arbitrary N0, N1, N2, every plane pii ∈ Sq+1 meets pi = 〈N0, N1,
N2〉 in Ni , so that O lies in the plane pi . By Lemma 2.2, no three points of O lies on a line. It
follows that O is a hyperoval on pi . This proves Theorem 2.1. Hence Sq+1 is contained in a
Y-family.
3. THE UNIQUENESS OF THE COMPLETION OF Sk
Firstly we show that if Sq , q > 2, can be completed to a Y-family then the completion is
unique.
THEOREM 3.1. For q > 2, Sq has at most one completion to a Y-family.
PROOF. Let Sq = {pi0, . . . , piq}, q > 2. Since every q-arc, q > 2, is contained in a unique
hyperoval [1, Corollary 10.19], let Mi , Ni be the points on pii such thatOi = Ki ∪{Mi , Ni } is
a hyperoval on pii . It is clear from the proof of Lemma 2.2 that {Oi |i = 0, . . . , q} forms a cap.
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Suppose that Sq is completed to a Y-family S by the planes piq+1, piq+2. Then piq+1 and piq+2
must meet pii ∈ Sq in the points Mi , Ni . Without loss of generality, say piq+1 ∩ pii = {Mi },
piq+2∩pii = {Ni }, so piq+1 = 〈M0, M1, M2〉, piq+2 = 〈N0, N1, N2〉. Let piq+1∩piq+2 = {M},
so {M, Mi |i = 0, . . . , q}, {M, Ni |i = 0, . . . , q} are hyperovals on piq+1, piq+2 respectively.
Now, suppose that Sq admits another completion, that is, S ′ = Sq ∪ {pi ′q+1, pi ′q+2} is also a
Y-family. We show that, necessarily, {piq+1, piq+2} = {pi ′q+1, pi ′q+2}.
Since S ′ is a Y-family, pi ′q+1 ∩ pii , pi ′q+2 ∩ pii ∈ {Mi , Ni }. Hence if {piq+1, piq+2} 6=
{pi ′q+1, pi ′q+2} we must have either
pi ′q+1 = 〈M0, M1, N2〉, pi ′q+2 = 〈N0, N1, M2〉,
or
pi ′q+1 = 〈M0, N1, N2〉, pi ′q+2 = 〈N0, M1, M2〉.
In the first case, pi3 ∈ Sq \ {pi0, pi1, pi2} must meet piq+1, piq+2, pi ′q+1, pi ′q+2 in the following
way:
pi3 ∩ piq+1 = M3, pi3 ∩ piq+2 = N3,
pi3 ∩ pi ′q+1 = N3, pi3 ∩ pi ′q+2 = M3.
However, this means that 〈piq+1, pi ′q+2〉 is a three-dimensional space containing three non-
collinear points N0, N1, and M of piq+2 and hence piq+2, which contradicts condition (a)
of (†). Similarly the second case is also impossible. Hence we conclude that if Sq can be
completed to a Y-family then the completion is unique. 2
For q = 2, Sq can indeed be completed, since one can pick the fourth plane to satisfy all
the conditions (cf. the coordinatization of the Y-family in [2]), and complete the system. Since
a two-arc in PG(2, 2) is contained in two four-arcs, Sq for q = 2 admits two distinct (but
isomorphic) completions. It is however not clear if Sq can be completed for q > 2.
For q > 4, using a generalization of the proof above, the following stronger result can be
obtained.
THEOREM 3.2. If Sk , k > (2q + 3)/3, can be completed to a Y-family then the completion
is unique.
PROOF. Let Sk = {pi0, . . . , pik}, k > (2q + 3)/3. Suppose that Sk can be completed to two
distinct Y-families,
S = Sk ∪ {pik+1, . . . , piq+2} and S ′ = Sk ∪ {pi ′k+1, . . . , pi ′q+2}.
Without loss of generality we may assume that {pik+1, . . . , piq+2} ∩ {pi ′k+1, . . . , pi ′q+2} = ∅.
Recall that for i ∈ {0, . . . , k}, Ki = {pii ∩ pi j | j ∈ {0, . . . , k} \ {i}} is a k-arc on pii . Let
P ji be the point pik+ j ∩ pii , and let Q ji be the point pi ′k+ j ∩ pii , j = 1, . . . , q + 2 − k. Then
for each i ∈ {0, . . . , k}, Ki is a k-arc in the plane pii contained in the hyperovals Oi =
Ki ∪ {P ji | j = 1, . . . , q + 2− k} and O′i = Ki ∪ {Q ji | j = 1, . . . , q + 2− k}. However, since
k > (2q + 3)/3 > (q + 2)/2, by Lemma 8.9 of [1] which states that two hyperovals coincide
if they agree in more than half their points, we must have Oi = O′i , that is,
{P ji | j = 1, . . . , q + 2 − k} = {Q ji | j = 1, . . . , q + 2 − k}.
For each pair of planes pik+h , pi ′k+ j , h, j ∈ {1, . . . , q + 2 − k}, there are at most two planes
pii ∈ Sk such that Phi = Q ji (that is, pii ∩ pik+h = pii ∩ pi ′k+ j ), for if there are three distinct
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planes pii0 , pii1 , pii2 ∈ Sk such that Phi0 = Q
j
i0 , P
h
i1 = Q
j
i1 , P
h
i2 = Q
j
i2 , then we would have
pik+h = 〈Phi0 , Phi1 , Phi2〉 = 〈Q
j
i0 , Q
j
i1 , Q
j
i2〉 = pi ′k+ j ,
which contradicts the assumption that {pik+1, . . . , piq+2} ∩ {pi ′k+1, . . . , pi ′q+2} = ∅.
For any fixed h, counting
|{(pii , Phi , Q ji )|pii ∈ Sk, Phi = Q ji }|
we have k + 1 ≤ 2(q + 2− k), that is, k ≤ (2q + 3)/3, which contradicts the assumption that
k > (2q + 3)/3. Hence the completion of Sk must be unique if it exists. 2
4. CONCLUSION
We have proved the incompleteness of Sq+1 as well as the unique completion of Sq , q > 2,
and Sk , k > (2q + 3)/3, if they exist. It is also clear from the coordinatization of the Y-family
in [2] that S3 can always be completed, since we may choose E0, . . . , E5 to be the points
pi1 ∩ pi3, pi1 ∩ pi2, pi2 ∩ pi3, pi0 ∩ pi1, pi0 ∩ pi2 and pi0 ∩ pi3 respectively, where Ei is the unit
vector of length 6 with 1 in the (i + 1)th place, and construct the remaining planes according
to the equations given in [2]. In summary, we have the following.
1. If Sk is complete and k 6= q + 2, then 3 < k < q + 1.
2. For q = 2, S2 has two (isomorphic) completions while S3 is contained in a unique
Y-family.
3. For q = 4, S2 and S3 can be completed to a Y-family, S4 has at most one completion
to a Y-family, and S5 is contained in a unique Y-family.
4. For q > 4, Sk , k > (2q + 3)/3 has at most one completion to a Y-family, while Sq+1
is contained in a unique Y-family
The general questions (C1), (C2) on the completeness of Sk remain open.
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